Abstract Let be an antipodal distance-regular graph of diameter 4, with eigenvalues θ 0 > θ 1 > θ 2 > θ 3 > θ 4 . Then its Krein parameter q 4 11 vanishes precisely when is tight in the sense of Jurišić, Koolen and Terwilliger, and furthermore, precisely when is locally strongly regular with nontrivial eigenvalues p := θ 2 and −q := θ 3 . When this is the case, the intersection parameters of can be parametrized by p, q and the size of the antipodal classes r of .
Introduction
Let denote a distance-regular graph with diameter d ≥ 3, and eigenvalues k = θ 0 > θ 1 > · · · > θ d . Jurišić et al. [7, 9] showed that the intersection numbers a 1 , b 1 satisfy the following inequality
and defined to be tight whenever it is not bipartite, and equality holds in (1) . They also characterized tight graphs in a number of ways, for example by a 1 = 0, a d = 0 and 1-homogeneous property in the sense of Nomura [14] , and furthermore by their first subconstituents being connected strongly regular graphs with nontrivial eigenvalues
Let be a 1-homogeneous graph with diameter d ≥ 2. Then is distance-regular and also locally strongly regular with parameters (v , k , λ , μ ), where v = k, k = a 1 and (v − k − 1)μ = k (k − 1 − λ ). Let μ-graph be a graph that is induced by the common neighbours of two vertices at distance 2. Since a μ-graph of is a regular graph with valency μ , (for the local graph of the μ-graph is the μ-graph of the local graph, see [7, Theorem 3(i) ]), we have c 2 ≥ μ + 1. If c 2 = μ + 1 and c 2 = 1, then is a Terwilliger graph, i.e., all the μ-graphs of are complete. In [10] we classified the Terwilliger 1-homogeneous graphs with c 2 ≥ 2 and obtained that there are only three such examples. In [12] we classified the case c 2 = μ + 2 ≥ 3, i.e., the case when the μ-graphs of are the Cocktail Party graphs, and obtained that either λ = 0, μ = 2 or there are only seven such examples. We show in some less trivial cases that the μ-graphs are complete multipartite, see Table 1 . Our study is part of a larger project to classify 1-homogeneous graphs whose μ-graphs are complete multipartite. Table 1 Known examples of the AT4 family, where "!" indicates the uniqueness of the corresponding graph (for the proofs of uniqueness of A4, A6, A8 see [8] ). Note α = ( p + q)/r , c 2 = qα, a 1 = p(q + 1), a 2 = pq 2 , n = k, k = a 1 , λ = 2 p − q and μ = p. For the information on local graphs see [1] and [2] . The local strongly regular graph of A9 has parameters (416, 100, 36, 20) and is the second graph of the Suzuki tower [19] , more precisely a rank 3 graph of the group G 2 (4) is locally strongly regular with nontrivial eigenvalues p := θ 2 and −q := θ 3 . When this is the case, the intersection parameters of can be parametrized by p, q and the size of the antipodal classes r , so we denote the graph by AT4( p, q, r ), see [11] and [7] .
Let be an AT4( p, q, r ) graph. We prove that all the μ-graphs of are complete multipartite if and only if is AT4(sq, q, q) for some natural number s. As a consequence of the above results we derive new conditions for graphs of the AT4 family whose μ-graphs are not complete multipartite. Another interesting application of our results is also that we were able to show that the μ-graphs of a distance-regular graph with the same intersection array as the Patterson graph are the complete bipartite graph K 4, 4 .
Often knowing μ-graphs ends in a complete classification or characterization with intersection array, see for example [2, p. 271, Theorem 9.3.8]. As we will see, the same is true also in the case of the Patterson graph [3] and in the case of the AT4(sq, q, q) family of distance-regular graphs [8] .
Preliminaries
Let be a graph with diameter d. For vertices x 1 , . . . , x n of we denote by Γ(x 1 , . . . , x n ) the set of their common neighbours and by Δ(x 1 , . . . , x n ) the graph induced by this set. In particular, for a vertex x of we call (x) the local graph of x. The graph is said to be locally C, where C is a graph or a class of graphs, when all its local graphs are isomorphic to (respectively are member of) C. For example, the icosahedron is locally a pentagon, and the point graphs of generalized quadrangles are locally a union of cliques.
We define Γ i (x) to be the set of vertices at distance i from x. For y ∈ i (x) and integers j and h we denote the set j (x) ∩ h (y) by D More generally, in a distance-regular graph for each vertex x, the i-subconstituent graph of x, i.e., the graph induced by the set i (x), is a i -regular. For a detailed treatment of distance-regular graphs and all the terms which are not defined here see Brouwer et al. [2] or Godsil [5] .
Let us now recall that an equitable partition of a graph is a partition π = {P 1 , . . . , P s } of its vertices into cells, such that for all i and j the number c i j of neighbours, which a vertex in the cell P i has in the cell P j , is independent of the choice of the vertex in P i . Let be a distance-regular graph with diameter d. Then is 1-homogeneous in the sense of Nomura [14] , when the distance partition corresponding to any pair x, y of adjacent vertices, i.e., the collection of nonempty sets D j h (x, y), is an equitable partition.
Let be a graph. As usually, we denote the distance between vertices x and y of by ∂(x, y). If x, y and z are vertices of such that Fig. 3(a) ). We say that the parameter α of exists when α = α(x, y, z) for all triples of vertices (x, y, z) of such that We end this section with some information on the AT4 family, see [11, 5.2-6.4 ].
Proposition 2.1. Let be an antipodal tight graph AT4( p, q, r ). Then q
2 are its nontrivial eigenvalues and its intersection array equals
(ii) the local graphs are connected and strongly regular with eigenvalues a 1 , p, −q and parameters , indicates how many neighbours a vertex from the closer cell has in the other cell. We also put beside each cell the valency of the graph induced by the vertices of it. For convenience we mention here the intersection numbers needed for the above partition:
, with equality if and only if q
is the unique AT4(1, 2, 3) graph, i.e., the Conway-Smith graph.
Complete multipartite μ-graphs
There are distance-regular graphs for which it is possible to determine what their μ-graphs are based only on their parameters even when a 1 = 0. Let be a distance-regular graph with diameter at least 2, for which the parameter c 2 of its local graphs, denoted by μ , exists. Then the assumption c 2 = μ + 1 is equivalent to all the μ-graphs being complete and the assumption c 2 = μ + 2 ≥ 3 is equivalent to all the μ-graphs being Cocktail Party graphs. In both cases the μ-graphs are complete multipartite. We will show in this section that there are more cases where we can assert that the μ-graphs are complete multipartite only based on certain parameter properties.
We start by recalling two definitions and one result [12, Lemmas 2.1 and 3.1] that has already been used for a classification of 1-homogeneous distance-regular graphs with Cocktail Party μ-graphs. We denote the complement of t cliques of size n, i.e., the complete multipartite graph K n 1 ,n 2 ,... ,n t with n 1 = n 2 =· · ·=n t = n by K t×n . If a graph on v vertices is regular with valency k and any two vertices of at distance 2 have precisely μ = μ( ) common neighbours, then the graph is called co-edge-regular with parameters (v, k, μ), see [2, p. 3] . The above result gives also some necessary conditions for a distance-regular graph to have completely regular μ-graphs. Let be a distance-regular graph that is locally connected and co-edge-regular. Furthermore, we also assume that the parameter α exists in . All 1-homogeneous distance-regular graphs with diameter at least 2 have these properties. We provide some sufficient conditions on the parameters of for which the μ-graphs have to be complete multipartite. (ii) We have (
, and thus we obtain an upper bound on the size of the set (x 1 , y, u, v):
Note that here we needed the assumption α ≥ 2. Similarly, we derive two more inequalities:
Finally, by combining (3) and 5 and assuming (4), we obtain 3μ + 6 ≤ 2c 2 + α, which is contradicting the assumption. So each μ-graph of is a complete multipartite graph. (iii) Since we assumed c 2 ≤ 2μ , the vertices u and v have a common neighbour in (x, y). This conclusion translates to w ≥ 1. Because α = 2 the only neighbours in (x, y) of the vertex x i are u and v, so z j is not adjacent to x i or y i for all i and j. Therefore,
In order to get the above inequality we started with two nonadjacent vertices u and v in (x, y), where the distance between x and y is 2 and | (u, v, x, y)| = w < μ . Now for the nonadjacent vertices x 1 and y in (u, v) we have that the distance between u and v is 2 and
. . , y s }. As s = μ − w < μ we conclude the same way as in (6) that
However, by summing (6) and (7), and using μ = s + w, we obtain c 2 > 2μ , a contradiction! Therefore, the μ-graphs of are complete multipartite graph K t×n . By 2 = α ∈ {t − 1, t}, we have c 2 = 2n and μ = n when t = 2 and c 2 = 3n and μ = 2n when t = 3.
Remark 3.3.
(i) There are some examples of the graph from the above Theorem 3.2 (ii) that are locally co-edge-regular and not locally strongly regular. For example the Johnson graph J (n, e) is locally the grid graph e × (n − e), which means that it is not locally strongly regular unless n = 2e. Let us assume that e and n − e are at least 2. It has c 2 = 4, μ = 2, a 1 = n − 2 and α = 2, so it satisfies Theorem 3.2(ii).
Hence its μ-graphs are complete bipartite. It would be interesting to find some examples for which c 2 > μ + 2. (ii) If we want that the μ-graphs of are the complete multipartite graph K t×n , then the parameters n and t are determined by c 2 = nt and μ = (t − 1)n, i.e., n = c 2 − μ and t = c 2 /n. Suppose (i) and (ii) above hold. Then n = c 2 − μ , t = c 2 /n and α ∈ {t − 1, t}.
Proof: Let us assume (i) holds. Then, by Proposition 3.1, the graph is locally co-edge-regular with parameters (k, a 1 , μ ), where μ = (t − 1)n, c 2 = nt, αa 2 = c 2 (a 1 − μ ) and α ∈ {t − 1, t}. If α = 1, then t = 2, c 2 = 2μ , a 2 = 2n(a 1 − n) and the μ-graphs of are K n,n . If α = 2, then the assumption t ≥ 2 is equivalent to μ > 0, which means that the graph is locally connected. It also implies, by t = c 2 /(c 2 − μ ), that we have c 2 ≤ 2μ . Finally, we assume α ≥ 3. Then t ≥ 3 and we have (n − 2)(t − 3) ≥ 0, which implies 2(c 2 + α) ≤ 3μ + 6 and so also 2c 2 + α < 3μ + 6. The rest of the statement follows directly from Theorem 3.2.
Problem 3.6 Find more necessary and sufficient conditions for the graph from Theorem 3.2 to have complete multipartite μ-graphs. Or even more generally, find more properties of a distance-regular graph that determine its μ-graphs. (There are examples of graphs in the AT4 family that have more complicated μ-graphs, see Table 1 .)
ATfamily
Let be an antipodal tight graph AT4( p, q, r ). Based on Proposition 2.1, we have μ = p > 0 (i.e., is locally connected), and a 2 = pq 2 = 0, which means that the following result is a direct consequence of Theorem 3.2 and Proposition 2.1 (the case p + q = r has already been treated in Proposition 2.1(v)). Examples that satisfy the above result are the graphs A2, A3, A4, A6 and A8 from Proof: Let us assume that μ-graphs of are complete multipartite graphs K t×n (t and n are determined as we know the size of the μ-graph and its valency). Thus, by Proposition 2.1(i-iv) and Proposition 3.1(i-ii), we have α = ( p + q)/r , α ∈ {t − 1, t}, qα = c 2 = nt, and p = μ = (t − 1)n.
Case α = t. Then we have n = q and thus also p = (t − 1)q, i.e., p + q = tq. But then tr = αr = p + q implies r = q. Hence ( p, q, r ) = (sq, q, q) for s = t − 1.
Case α = t − 1. Then, by (8), we have qα = n(α + 1) and p = αn. Therefore, (α + 1) | q and α | p. As αr = p + q it follows that α also divides q. Hence, there exists a natural number h such that q = h(α + 1)α. It follows n = hα 2 , p = hα 3 and r = ( p + q)/α = h(α 2 + α + 1). Since we assumed p = 1, we have α = 1 by Proposition 2.1(v). If α = 2, then q = 6h, p = 8h and, by Proposition 2.1(iv)(3), we Finally, we assume α ≥ 3. In this case we first show the following inequality
Let x, y and z be pairwise adjacent vertices of . The local graph (y) is connected and strongly regular with λ = 2 p − q = hα(α − 1)(2α + 1) by Proposition 2.1(ii). Therefore, there exists a vertex u ∈ U := (x, y) ∩ 2 (z), see Fig. 3(b) . Vertices of the graph (x, y, z) are partitioned into the following sets:
A := (x, y, z, u) and B := 2 (u) ∩ (x, y, z), so we have |A| = c 2 − 2n = (t − 2)n and |B| = λ − (t − 2)n = hα(α 2 − 1) = 0. Let b ∈ B. By Proposition 3.1(ii), the vertex b has exactly α − 2 neighbours in A, see Fig. 3(c) . Since α ≥ 3, there exists an element a ∈ A adjacent to b. Let C be a maximal independent set in A containing a. Let c ∈ C\{a}. Note that there are n − 1 > 0 choices for c. By Proposition 3.1(ii), vertices a and c have no common neighbours in B, so the distance between vertices b and c is 2, see Fig. 3(d) . Since the μ-graph of b and c is K t×n and it contains x, y and z, the number of common neighbours of b and c in (x, y, z) is exactly (t − 3)n. By Proposition 3.1(ii) and u ∈ D 2 1 (c, b), exactly α − 3 of those neighbours are adjacent to u, hence |B ∩ (b, c)| = (t − 3)n − (α − 3). As we have already mentioned, the vertices in C\{a} have no common neighbours in B, so it follows that b has at least (n − 1) (t − 3)n − (α − 3) neighbours in B. As the size of the set B is λ − (t − 2)n, the inequality (9) follows. However, (9) is equivalent to (3 − α)(α 4 h 2 + α 3 h 2 + 1) − (5α + 1)αh − 3α 3 h(h − 1) − 1 ≥ 0, which is clearly impossible. The converse follows directly from Corollary 4.2.
Springer
We have seen in the proof of Theorem 4.3 that the case α = t − 1 was ruled out. Furthermore, by Theorem 3.2(iii), α = 2 implies t = 2, so in the case of t = 3 we have α = 3. We propose the following open problem.
Problem 4.4
Let be a distance-regular graph with diameter at least 2, whose μ-graphs are the complete multipartite graph K t×n , with n ≥ 2, for which a 2 = 0 and the intersection number α exists with α ≥ 2. Then show α = t.
For q > 10 we have 6/(q − 4) < 1 and thus α = 3 and p = 2q − 3. But, by Proposition 2.1(vi(3)), we have (q + 3) | 90, i.e., q ∈ {12, 15, 27, 42}. It is not difficult to consider also the cases when q ≤ 10. We will give a complete classification of the AT4(qs, q, q) family of distanceregular graphs in a subsequent paper [8] .
